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where the θ is an infinitesimal rotation angle [1] . Noether theorem implies that there is a corresponding conserved charge due to the electric-magnetic duality symmetry. It is given by
Because this is a symmetry generator, {H, G} = 0, where H is the Hamiltonian, given by
and {C, D} = is the Poison bracket. In the first part of this note, we quantize the U (1) gauge field theory and construct quantum states labeled by their energy eigen values and electric magnetic duality charge. The traditional way to quantize the classical field theory is that one solves the classical field equations, find positive and negative frequency modes and promotes the coefficient of each mode to annihilation and creation operators satisfying a certain commutation relation between them. If one does follow this standard process, then it is found that the creation or annihilation operators are indeed not the ladder operators for the electric-magnetic duality generator, G even though they are the ones for the Hamiltonian.
We start with definition of the creation and annihilation operators, which are given by
where A a and E a are the gauge fields and the electric fields respectively and A a and A † a are the creation and the annihilation operators in momentum space. The index a runs over 1 to 3, and so k a are 3-momentum.
To construct the simultaneous eigen states of the quantum operators of H and G, we introduce the other creation and annihilation operators, which are given by
The new operators have the following properties: D † (∓)c (k) are the creation operators in a sense that they increase the energy of the states with amount of |k|, but D † (+)c (k) increase the electric-magnetic duality charge with a unit of 1 whereas D † (−)c (k) decreases that in the same amount. Likewise, D (∓)c (k) are the annihilation operators for the Hamiltonian but they change the electric-magnetic duality charge with amount of ±1 respectively. Therefore, the quantum states are labeled by the two quantum numbers, energy, E and the electric-magnetic duality charge g, as |E, g .
Interesting properties of the states are listed in order. Firstly, the vacuum state is g = 0 state. Therefore, we express the vacuum as |0, 0 . Secondly, for the N -particle eigen states of H and G, |E, g , if N is even, then g is an even number and if N is odd, then g is an odd number. These operators are commute with the electric-magnetic duality generator, G. The electricmagnetic duality generator in terms of the primitive annihilation and creation operators is given by
By employing commutation relations between G and A † a (k), A c (k), one can realize that G is a SO(2) rotation generator and A =(A 1 (k), A 2 (k)) and
are vectors under such a transform, where we set the direction of momentum of the gauge fields to be k = (0, 0, k). In fact, they transform as
and the creation operators do in the same way. It is manifest that the above 4 bilinear operators are invariant under the SO(2) rotation since they are either inner products or fully anti symmetric combination of the vector components of A or A † . Therefore, they are commute one another.
The symmetric tensor part of the bilinear combination of the vectors A or A † are given in the below.
These bilinear operators are the symmetric traceless components of SO(2) tensors as
Absolutely these will change under the SO(2) rotation and consequently they do not commute with G i.e. L 2 . The commutators between the bilinear operators are given in the table below.
In fact, the tensor components transform under the SO(2) rotation as
This means that the combinations of the tensor components as L are invariant under electric-magnetic duality rotation.
More electric-magnetic duality like symmetries Once one observes the SO(2, 3) bilinear generators, one may realize that the operators L 1 and L 3 commute with the number operator(also with the Hamiltonian) as well as the L 2 , which is the electric-magnetic duality generator. This means that L 1 and L 3 are candidates of the symmetry generator of the U (1) gauge theory. The Hamiltonian is obtained by Legendre transformation from the Lagrangian. Then once a quantity,
, the Lagrangian will be so too.
To check if they are indeed a symmetry of the U (1) gauge field theory action, let us examine the L 1 operator first. We start with the relation between the creation and annihilation operators and the electric fields and the gauge fields, which are given by
By using the above expression, we get the transformation of the fields A a (k) and E a (k) under L 1 , which are given by 
and we understand that the Hamiltonian is invariant under the above transformation, to prove that the action, S is invariant, we need to show that d 3 kdt E i (k, t)Ȧ i (k, t) does not change upto total derivative under it. The change of the term is given by
Therefore, it it manifest that the L 1 is a symmetry generator. The 2nd and last operator that we examine is the L 3 operator. The transformation of the fields A a (k) and E a (k) when we act this operator on them is given by
where
The Hamiltonian is invariant under the transformation. Again, we show that d 3 kdt E i (k, t)Ȧ i (k, t) does not change upto total derivative under this transform as
Appendices
A. Quantization with the electric-magnetic duality generator and the quantum operators and states
The electric-magnetic duality generator in momentum space is given by
where E a (k) are the electric fields and A a (k) are the gauge fields. They are the canonical pair and so satisfy the following Poisson bracket relation:
The two fields satisfy the Gauss constraint, ∂ a E a = 0 and this ensures that they are transverse fields. Therefore the Poisson bracket relation is modified as
is the project operator.
Quantization Maxwell theory is mathematically a collection of two independent harmonic oscillators. 
Their Poisson brackets are given by
We define creation and annihilation operators as 
